A spectral parameter power series (SPPS) representation for regular solutions of singular Bessel type Sturm-Liouville equations with complex coefficients is obtained as well as an SPPS representation for the (entire) characteristic function of the corresponding spectral problem on a finite interval. It is proved that the set of zeros of the characteristic function coincides with the set of all eigenvalues of the Sturm-Liouville problem. Based on the SPPS representation a new mapping property of the transmutation operator for the considered perturbed Bessel operator is obtained, and a new numerical method for solving corresponding spectral problems is developed. The range of applicability of the method includes complex coefficients, complex spectrum and equations in which the spectral parameter stands at a first order linear differential operator. On a set of known test problems we show that the developed numerical method based on the SPPS representation is highly competitive in comparison to the best available solvers such as SLEIGN2, MATSLISE and some other codes and give an example of an exactly solvable test problem admitting complex eigenvalues to which the mentioned solvers are not applicable meanwhile the SPPS method delivers excellent numerical results.
Introduction
In the present work the equation
is studied, where l is a real number, l ≥ − Equations of the form (1.1) appear naturally in many real-world applications after a separation of variables and therefore have received considerable attention (see, e.g., [6] , [11] , [16] , [24] , [41] ). In preceding publications equation (1.1) was studied under more restrictive conditions, typically for q and r 0 being real-valued and r 1 ≡ 0. The approach developed in this work does not imply such restrictions and serves both for qualitative study of solutions and spectral problems, as well as for related numerical computation.
The main component in the developed approach is a spectral parameter power series (SPPS) representation for the regular solution of (1.1) obtained under the condition that the auxiliary equation Lu 0 = 0 possesses a regular solution which does not have zeros on [0, a] except at x = 0. The SPPS representation for solutions of nonsingular linear differential equations and its applications in corresponding scattering and spectral problems were studied in [9] , [10] , [15] , [18] , [21] , [22] , [23] , [25] , [26] , [19] , [27] , [32] , [36] and some other papers. Here, in Section 2 we obtain an analogous result for the perturbed Bessel equation (1.1) . The construction and the existence of the required particular solution are addressed in Section 3. For example, when q(x) ≥ 0, x ∈ (0, a] such nonvanishing on (0, a] solution exists. We give an analytic representation for it together with an estimate. Let us emphasize that, in general, u 0 is allowed to be a complex-valued function, and the existence of such u 0 for a complex valued q is an open problem.
Under the assumption that u 0 exists we obtain a dispersion (characteristic) relation for the Sturm-Liouville problem for (1.1) on [0, a], a < ∞ (Theorem 4.1). Namely, we construct an entire function Φ(λ) in the form of a Taylor series such that the set of its zeros coincides with the set of all eigenvalues of the Sturm-Liouville problem. This immediately implies the discreteness of the spectrum and offers an efficient method for its computation.
In practical applications of the SPPS method it is often convenient to consider not only series with the centre in the origin λ = 0 but also series with the centre at λ = λ 0 where λ 0 is some complex number. In Section 5 we show that this spectral parameter shifting technique is applicable to equation (1.1) and give necessary details.
The SPPS representation allows us to obtain a result on mapping properties of the transmutation operator corresponding to the operator L, which was studied, e.g., in [11] , [39] and [40] . We show in Section 6 how the transmutation operator acts on certain powers of the independent variable. In the case of nonsingular Schrödinger operators a result of this kind allowed us to advance in the construction of the transmutation operator itself [30] and had applications in constructing complete systems of solutions for some partial differential equations [7] , [8] , [20] .
In Section 7 we explain the numerical implementation of the developed SPPS method for solving Sturm-Liouville problems for (1.1). First, we consider several known test problems, and comparing the obtained results with the results obtained by the best available codes, as SLEIGN2, MATSLISE and some others, we show that our method is highly competitive and gives better or at least comparable results on test problems to which other codes are applicable. Second, we consider an example which involves a different from zero r 1 in (1.1) and a complex spectrum. Meanwhile SLEIGN2 and MATSLISE are not applicable to problems admitting complex eigenvalues, our method delivers results which are in excellent agreement with the exact data.
Construction of the bounded solution of a perturbed Bessel equation
Consider a perturbed Bessel operator (also known as a spherical Schrödinger operator) Note that we understand the O-notation in the sense of inequality, i.e., there exist a neighborhood (0, ε] of zero and a constant C > 0 such that |q(x)| ≤ Cx α for all x ∈ (0, ε].
, the left endpoint is singular. Despite of that, the equation Lu = 0 possesses a solution φ(x) which is bounded at x = 0 and satisfies the following asymptotics at x = 0
see, e.g., [24, Lemma 3.2] for the real-valued potential q. We show the explicit construction of the solution with this asymptotics at zero for the general case of complex potentials in Section 3 meanwhile in Section 4 we show that such solution is unique.
Together with L consider a linear differential operator
of order at most one, where r 0,1 ∈ C[0, a] are complex-valued functions, and consider the following differential equation involving a spectral parameter λ
In order to construct a spectral parameter power series representation of a non-singular in zero solution of (2.6) assume that there exists a non-vanishing on (0, a] complex-valued solution u 0 of the equation
satisfying together with its first derivative the asymptotic relations (2.3) and (2.4). Let us define the following system of recursive integrals
We keep the notation X for consistency with the notations from other publications on the SPPS method, see, e.g., [27] , [19] , [29] . Note that for an odd n we have
Hence we can write (2.8) in a different form, which does not require differentiation of the functions X (n) ,
The following lemma establishes that all the involved integrals in (2.9) are well defined and provides some estimates for the functions X (n) .
does not have other zeros on [0, a] except at x = 0 and satisfies the asymptotic relations (2.3) and (2.4). Then the system of functions X (n) ∞ n=0 is well defined by (2.8) or (2.9) and the functions X (n) satisfy the inequalities
where
is the Pochhammer symbol, C = max{1, C 1 , C 2 , C 3 } and the constants C 1 , C 2 and C 3 are such that for any t ∈ (0, a] the following inequalities hold
Remark 2.2. The constants C 1 and C 2 in Lemma 2.1 exist due to the fact that u 0 is a non-vanishing function possessing asymptotics (2.3) and (2.4).
Proof. The proof is by induction. Indeed, for n = 0 we have | X (0) (x)| ≤ 1 and
Assuming that the statement is true for some n = k, for n = k + 1 we obtain
and
Note that the exponents of the powers of t in all the involved integrands are non-negative, hence all the recursive integrals are well defined.
In the particular case when r 1 ≡ 0, i.e., the right hand side of (2.6) does not depend on the derivative of u, the estimates of Lemma 2.1 can be improved, and the following statement is valid. Lemma 2.3. Under the conditions of Lemma 2.1 assume additionally that r 1 ≡ 0. Then the functions X (n) defined by (2.8) or (2.9) satisfy the inequalities 12) where (x) n is the Pochhammer symbol and C = max{C 1 , C 2 }, where the constants C 1 and C 2 are such that for any t ∈ (0, a] the following inequalities hold
The proof is analogous to that of Lemma 2.1. The following theorem presents the spectral parameter power series (SPPS) representation of a bounded solution of equation (2.6). 
is a solution of (2.6) belonging to C[0, a] ∩ C 2 (0, a] and the series converges uniformly on [0, a].
The first derivative of u is given by 15) and the series for the first and the second derivatives converge uniformly on an arbitrary compact
Proof. Formally differentiating the series (2.14) twice with the aid of (2.9) we obtain that u ′ should be given by (2.15) and u ′′ (after simplification) by 
u is indeed a solution of equation (2.6). The relations (2.3) and (2.4) follow from the corresponding asymptotics of u 0 because by Lemma 2.1 we have X (2k) (x) = o(1) and Remark 2.6. For SPPS representations for solutions of nonsingular Sturm-Liouville equations we refer to [25] , [26] and [27] . They have been applied in a number of papers to different scattering and spectral problems (see references in the Introduction). For the perturbed Bessel equation, in the case of a real valued potential q, r 1 ≡ 0 and r 0 ≡ 1 an SPPS representation was obtained and used in [24] but without formulas for constructing or estimating the coefficients X (2k) .
For practical applications the partial sums of the series (2.14) are of the main interest. Based on Lemmas 2.1 and 2.3 the following corollary provides estimates for the difference between the exact solution and the approximate one defined as a partial sum of the series (2.14). The difference is estimated in terms of the remainders of Taylor series of two special functions. Corollary 2.7. Under the conditions of Theorem 2.4 consider u N = u 0 N k=0 λ k X (2k) , note that for N = 0 the right-hand side is equal to u 0 . Then
where the constant C is defined in Lemma 2.1. Moreover, in the particular case r 1 ≡ 0 the following estimate holds 17) where Γ(l + 3/2) is the Gamma function, I l+1/2 (x) is the modified Bessel function of the first kind and the constant C is defined in Lemma 2.3.
For the proof one should simply compare the majorizing terms corresponding to the even indices in (2.10) and (2.12) with the Taylor expansions for the exponential and the Bessel functions appearing in (2.16) and (2.17).
Example 2.8. Consider the Bessel equation 18) where J l+1/2 is the Bessel function of the first kind. This solution may be represented as a power series in terms of the parameter λ,
see [24] . In order to apply Theorem 2.4 consider u 0 (x) = x l+1 as the non-vanishing on (0, a] solution of the equation −u ′′ + l(l+1) x 2 u = 0, satisfying (2.3) and (2.4). It is easy to verify that choosing such u 0 we obtain from (2.9)
i.e., exactly the coefficients from (2.19).
3 Construction of the particular solution u 0
In this section we explain how to construct a particular solution of equation (2.7) satisfying asymptotics (2.3), (2.4) and present some sufficient conditions for this solution to be non-vanishing for x > 0.
In order to construct an SPPS representation for the particular solution we rewrite equation (2.7) in the form
The equation
possesses two solutions
For l ≥ −1/2 the second solution is regular and satisfies (2.3) and (2.4). Since the potential q may be singular in the origin, we cannot apply Theorem 2.4 directly. However we may construct the system of recursive integrals in the same way as in (2.9) and only have to show the convergence of the integrals and obtain some estimates justifying the SPPS representation. Consider the following system of recursive integrals
Note that since the potential q ∈ C(0, a] satisfies condition (2.2) for some α > −2 there exists a constant C > 0 such that
Lemma 3.1. Suppose that the complex-valued potential q ∈ C(0, a] satisfies inequality (3.4) for some C > 0 and α > −2. Then the functions Y (n) are well defined by (3.3) and the following estimates hold
where (x) n is the Pochhammer symbol.
Proof. The proof can be performed by induction, similarly to the proof of Lemma 2.1. The only difference is that it is possible that an exponent of the power of t under the integral sign be negative, however it is always strictly greater than −1. Hence all the involved integrals exist.
Proposition 3.2. Suppose that the complex-valued potential q ∈ C(0, a] satisfies inequality (3.4) for some C > 0 and α > −2. Then the function
where the functions Y (2k) are defined by (3.3), is a particular solution of equation (3.1) on (0, a] satisfying asymptotics (2.3), (2.4). Moreover, u 0 satisfies the following estimate for any x ∈ (0, a]
Proof. Due to (3.3) the first and the second derivatives of u 0 are given by the expressions
The uniform convergence of all the involved series on an arbitrary compact K ⊂ (0, a] and hence the possibility of termwise differentiation, follows from Lemma 3.1. The asymptotic relations (2.3) and (2.4) for the function u 0 follow from the estimates .5) and (3.6). Inequality (3.8) follows from the series representation of the modified Bessel functions of the first kind, see, e.g., [1] .
The following corollary provides a sufficient condition for the particular solution constructed in Proposition 3.2 to be non-vanishing.
Corollary 3.3. Under the conditions of Proposition 3.2 assume additionally that
Proof. We obtain from (3.3) and the condition q(
Spectral problems
The classical formulation (see, e.g., [24] , [42] ) of a spectral problem for a Sturm-Liouville equation of the form Lu = λru with L from (2.1) consists in finding the values of the spectral parameter for which there exists a solution u(x; λ) continuous at x = 0 and satisfying the following conditions.
for some β, γ ∈ C such that |β| + |γ| = 0. When l ∈ [−1/2, 1/2) and since the second linearly independent solution is also square-integrable, an additional boundary condition
is imposed (see, e.g., [24] ). Despite the fact that the right-hand side (2.5) of the spectral equation (2.6) may contain the derivative of the unknown function and hence not fit into the basic Sturm-Liouville scheme, we consider the same spectral problem (4.1)-(4.3) for equation (2.6) . The following statement gives us a characteristic equation of the spectral problem under the condition that an appropriate nonvanishing solution u 0 of (2.7) exists. 
where the functions X (k) are defined by (2.8) or (2.9).
Proof. Under the condition of the theorem, the function u defined by (2.14) is a solution of (2.6) satisfying the boundary conditions (4.1) and (4.3). The boundary condition (4.2) for the function u coincides with Φ(λ) = 0, and Φ(λ) is an entire function by Theorem 2.4. It is left to show that there are no more eigenvalues. For that it is sufficient to show that the second linearly independent solution u 2 of (2.6) does not satisfy either (4.1) or (4.3). We rewrite (2.6) in the form
and introduce the function
Note that lim
Since the solution u defined by (2.14) satisfies the asymptotic condition (2.3), there exists a constant 
Assume first that l > −1/2. It follows from (4.6), asymptotics (2.3), (2.4) and L'Hospital's rule that
Hence for l ≥ 0 the second solution u 2 does not satisfy the boundary condition (4.1). Let now −1/2 < l < 0. Recall that by Abel's identity [17, Chap. XI] the Wronskian of u and u 2 has the form
Hence using (2.3), (2.4), (4.6) and (4.7) we obtain 9) and thus observe that u 2 cannot satisfy the boundary condition (4.3). For l = −1/2 similar reasoning shows that
We substitute the expression for u ′ 2 obtained from (4.8) into (4.3) and obtain
For the first term in this expression, from (4.6) and (2.3) we have
hence to prove that u 2 does not satisfy the boundary condition (4.3) it is sufficient to show that the second term is o(1) as x → 0. Due to the asymptotic relations (2.3) and (4.10) it is sufficient to show that u − 2xu ′ = O(x 1/2+ε ) for some ε > 0. Taking into account (2.15) we have
As can be seen from (2.10),
). Similarly to (4.10) we obtain that the general solution of equation (2.7) can be represented as c 1ũ1 + c 2ũ2 , whereũ 1 is given by (3.7) and satisfies the asymptotic condition (2.3) andũ 2 satisfies the asymptotic conditioñ u 2 ∼ √ x ln x, x → 0. Since u 0 ∼ √ x by the statement of the theorem, it is necessarily of the form (3.7). Now using (3.7), (3.9) and (3.6) we obtain
where α participates in (2.2), and this finishes the proof for l = −1/2.
Spectral shift technique
The SPPS representation given in Theorem 2.4 is based on a particular solution of equation (2.6) for λ = 0. In [27] it was mentioned that for a classic Sturm-Liouville equation it is also possible to construct the SPPS representation of a general solution starting from a non-vanishing particular solution for some λ = λ 0 . Such procedure is called spectral shift and has already proven its usefulness for numerical applications [27] , [18] . We show that a spectral shift technique may be applied to equation (2.6). Let λ 0 be a fixed complex number. We rewrite (2.6) in the form
where λ := λ − λ 0 . Suppose that u 0 is a solution of the equation
such that u 0 does not vanish on (0, a]. Note that u 0 is a particular solution of (2.6) for λ = λ 0 . Then the operator L 0 admits the following Pólya factorization [35]
Based on the factorization (5.3) we introduce the following system of recursive integrals
Similarly to (2.9) the recurrent relation (5.5) can be rewritten as 
is a solution of (2.6) belonging to C[0, a] ∩ C 2 (0, a], and the series (5.7) converges uniformly on [0, a]. The series for the first and the second derivatives converge uniformly on an arbitrary compact K ⊂ (0, a] and the first derivative has the form
Proof. Note that the function p given by (5.4) is continuous and non-vanishing on [0, a]. Similarly to the proof of Lemma 2.1 we see that the functions Z (n) satisfy estimates (2.10) with the constant
Formal application of the operator L 0 to (5.7) with the use of Pólya factorization (5.3) and formula (5.5) shows that the function u is a solution of equation (5.1) and hence of (2.6). Estimates for Z (n) justify the possibility of differentiation of the involved series and show that the function u satisfies (2.3) and (2.4).
Remark 5.2. Suppose that the functions q and r 1 are real-valued and that the potential q is bounded from below, i.e., there exists a constant q 0 ∈ R such that
Consider equation ( (n) . The system of functions X (n) given by (2.9) may be used directly in representation (5.7). 
Transmutation operators for perturbed Bessel operators
We recall a general definition of a transmutation operator from [29] which is a modification of the definition given by Levitan [34] .
The following operator equality is valid
or which is the same
Very often in literature the transmutation operators (the term coined by Delsarte and Lions [14] ) are called transformation operators.
In [8] for the case of the transmutation operator T corresponding to the pair of operators
dx 2 a mapping property of T was found. It establishes what is the result of action of T on the powers of the independent variable. This mapping property already found many applications in the proofs of completeness of infinite systems of solutions of some linear partial differential equations and in solving initial and spectral problems, see [7] , [8] , [20] , [28] , [30] , [31] . We present an analogue of the aforementioned mapping property for the transmutation operator for the pair of operators
x 2 , constructed in [39] , [40] .
We recall some results from [39] , [40] . Under certain additional conditions on the potential q, discussed below, a bounded solution of the equation
can be represented in the form
where j l+1/2 (x, λ) = x √ λJ l+1/2 (x √ λ) is a solution of the equation
and J l+1/2 is the Bessel function of the first kind. The integral kernel K is the solution of the partial differential equation
satisfying the boundary conditions
Moreover, the integral kernel K satisfies
We denote the operator defined by (6.2) as T. The existence of such operator was established in [40] for the case when q is a continuous function on [0, a] and in [39] for the case when l is an integer and q is a real-valued function satisfying the condition a 0 t m |q(t)| dt < ∞ for some 0 < m < 1/2. It is mentioned in [38] that the results of [2] allow one to extend the existence of the operator T onto arbitrary real values of the parameter l.
The solution y(x, λ) in (6.2) differs from the solution u(x, λ) satisfying the asymptotic condition (2.3) by the factor
, see [39] . The series expansion of the function j l+1/2 (x, λ) is
Similarly to [8, Theorem 7] we substitute the functions y(x, λ) and j l+1/2 (x, λ) in (6.2) by their series expansions (2.14) and (6.5) and obtain
The function K(x, ·) is square-integrable on [0, x], see (6.4), and the function j l+1/2 (·, λ) is the limit of the uniformly convergent series (6.5), hence the possibility to change the order of summation and integration in (6.6) follows from the continuity of the scalar product in
Since the equality in (6.6) holds for all x and λ, we finally obtain that
Numerical implementation and examples
Based on the results of the previous sections we can formulate a numerical method for solving spectral problems for perturbed Bessel equations. 3. Use partial sums of the series (2.14) and (2.15) (or, correspondingly, (5.7) and (5.8)) to obtain a polynomial
approximating the characteristic function (4.4).
Find zeros of the calculated polynomial Φ N (λ).
5. To improve the accuracy of the eigenvalues located farther from the point λ 0 , the spectral parameter corresponding to the current particular solution, perform one or several steps of the spectral shift technique.
Since the characteristic function Φ(λ) is analytic, the Rouché theorem from complex analysis, see, e.g., [12] , provides the stability of the numerical procedure. Indeed, let Γ be an arbitrary simple closed contour on which Φ does not vanish. Then if the absolute error of approximation |Φ N − Φ| is less than min |Φ N | on Γ, due to Rouché's theorem the functions Φ N and (Φ − Φ N ) + Φ N = Φ possess the same number of zeros inside Γ. Hence the procedure described above does not produce additional (or on the contrary less) zeros whenever Φ N approximates well enough the function Φ. We illustrate this point below, in Example 7.7.
Before considering numerical examples let us explain how the numerical implementation of the SPPS method was done in this work. All the calculations were performed with the help of Matlab 2010 in the double precision machine arithmetics. The formal powers X (n) were calculated using the Newton-Cottes 6 point integration formula of 7-th order, see, e.g., [13] , modified to perform indefinite integration. We choose M equally spaced points covering the segment of interest and apply the integration formula to overlapping groups of six points. It is worth mentioning that for large values of the parameter l a special care should be taken near the point 0, because even small errors in the values of X (2n+1) after the division by u 2 0 ∼ x 2(l+1) lead to large errors in the computation of X (2n) on the whole interval [0, a]. To overcome this difficulty we change the values of X (2n+1) in several points near zero to their asymptotic values. This strategy leads to a good accuracy. The computation of the first 100-200 formal powers proved to be a completely feasible task, and even for M being as large as several millions the computation time of the whole set of formal powers is within seconds. In the presented numerical results we specify two parameters: N is the degree of the polynomial Φ N in (7.1), i.e., the number of the calculated formal powers is 2N , and M is the number of points taken on the considered segment for the calculation of integrals.
Let us stress that the formal powers do not depend on the spectral parameter and once calculated can be used for computing the solution and/or the characteristic function Φ(λ) for thousands of different values of the spectral parameter λ without any additional significant computation cost. There exist several computer codes for the solution of singular Sturm-Liouville problems. We compare our results with the results produced by SLEIGN2 [5] and MATSLISE [33] . Both packages can reliably solve a variety of spectral problems for regular and singular Sturm-Liouville problems and are considered as basic comparison tools, the second package to our best knowledge is one of the most accurate. Both packages work with double precision machine arithmetics and were used with the parameters for the highest possible accuracy goals. It should be mentioned that the applicability of both packages is restricted to the self-adjoint situation and they do not permit neither complex coefficients nor a first order differential operator at a spectral parameter. Thus, to illustrate the performance of the proposed method in a situation when a comparison to the existing software is impossible, in Example 7.7 we consider a problem for which an exact characteristic equation can be written down and compare the obtained numerical results to those calculated from the exact equation. Table 1 together with the exact eigenvalues calculated as squares of zeros of J 3/4 (s) and computed using the Matlab routine besselzero.m by Greg von Winckel.
Real spectrum
As can be seen from Table 1 , the accuracy of the higher eigenvalues calculated by the SPPS method decreases. To improve the accuracy the spectral shift technique described in Section 5 is applied. We choose that the values of the parameter λ 0 change along a line in the complex plane and are given by λ problem has a purely real spectrum, among the zeros of the approximating polynomial the ones with a small imaginary part are chosen and those which are closer to the number Re λ Table  2 together with the used values of λ 0 for the spectral shift and the exact eigenvalues. In the first column of the table we combine the results produced by the MATSLISE package with the exact eigenvalues because in this case all the presented digits coincide.
As can be seen from Table 2 , the spectral shift technique allows us to significantly improve the obtained results for the higher eigenvalues. From now on we present only the results obtained with the help of the spectral shift technique and specify the implemented rules for choosing spectral shifts. This equation fits into the general scheme if one takes l = 0. We take the function
as a particular solution of (2.7) and calculate eigenvalues using the SPPS method with N = 40 and M = 50000. For problem (7. 3) the characteristic equation is known and is given by
where M k,1/2 is the Whittaker function and k = k(λ) = (2i √ λ) −1 , see [4, Example 3] . In Table  3 we present the obtained results together with the exact eigenvalues calculated from (7.4) and the results obtained using SLEIGN2 and MATSLISE software. Note that some eigenvalues caused problems for the MATSLISE package, despite the excellent accuracy of the rest of the results. To simplify the reading, in the presented numbers we truncated some digits which do not coincide with the correct ones. Relative errors of the first 50 eigenvalues obtained by SPPS, MATSLISE and SLEIGN2 are presented on Figure 1 . We emphasize a relative stability of the numerical results delivered by the SPPS method in comparison to those computed by MATSLISE and SLEIGN2. We x 2 + x 2 y = λy, 0 < x ≤ π y(π, λ) = 0.
(7.5)
The parameter ν was chosen equal to 2. In this example we computed both partial and general solutions using the SPPS representations. Since the exact partial solution satisfying the asymptotic condition (2.3) is known and is given by 4 √ xI 1
2 , we compared the approximate solution with the exact one. For N = 40 and M = 50000 the absolute error was less than 7 · 10 −16 . With the aid of Maple software we found that the characteristic equation of problem (7.5) has the form 6) where M λ/4,1 is the Whittaker function, and used equation (7.6) to compute the exact eigenvalues.
In Table 4 we present the results obtained by the SPPS method, exact eigenvalues and the results from [6] , MATSLISE and SLEIGN2. As in Example 7.1 here again all presented digits in the exact eigenvalues coincide with the results delivered by MATSLISE. The performance of the SPPS method was considerably better than that of SLEIGN2 and even the 50th eigenvalue was computed correctly to 9 decimal places. (7.3) calculated with the use of the SPPS method. Table 4 : The eigenvalues from Example 7.3, calculated with the use of the spectral shift technique with N = 50, M = 50000. The spectral shift is given by given by λ Table 5 : The values of √ λ n from Example 7.4, calculated with the use of the spectral shift technique with N = 40, M = 50000. The spectral shift is given by λ (n) 0 = 10n + (n + 1)i.
We have chosen c = 6 and found with the help of Maple the characteristic equation of problem
is the Whittaker function. In this example we computed both partial and general solutions using the SPPS representations. The procedure for computing the eigenvalues for this example is completely analogous to what was described above. In Table 5 we present the results obtained by the SPPS method, exact eigenvalues and the results from [6] , MATSLISE and SLEIGN2. Again all presented digits in the exact eigenvalues coincide with the results delivered by MATSLISE. The SPPS method and SLEIGN2 performed similarly to the previous example. The next example shows that the situation may change significantly when another value of the parameter c is chosen.
Example 7.5. Consider the same problem as in Example 7.4 but c = −1/4 which corresponds to l = −1/2 in (2.6). The computation of eigenvalues for problem (7.7) performed by MATSLISE took several hours on Intel i7-3770 microprocessor meanwhile the computation time required by SLEIGN2 and SPPS did not change significantly. We present the relative error of the first 50 eigenvalues on Figure 3 . For the SPPS method we used N = 40 and M = 1000000. The spectral shift was given by λ (n) 0 = 10n + (n + 1)i. The accuracy of the results delivered by MATSLISE was considerably lower and once again we emphasize the stability of the accuracy of the eigenvalues computed by the SPPS method in comparison to SLEIGN2. It is worth mentioning that not only for the extreme value l = −1/2 but also for the values close to −1/2 the computation time required by the MATSLISE package increases significantly. For this problem we were unable to find an exact characteristic equation. We computed both particular and general solutions using the SPPS representations. The obtained results are presented in Table 6 . The eigenvalues computed by the SPPS method are very close to those delivered by MATSLISE. Table 6 : The values of √ λ n from Example 7.6, calculated with the use of the spectral shift technique with N = 40, M = 50000. The spectral shift is given by λ 
Complex spectrum
Numerical tests discussed in the previous subsection show that the SPPS method is highly competitive with the best existing codes on their field of applicability. It delivers stable and reliable results even though there remains still plenty of room for improving different computational aspects of the developed programs which implement the SPPS method. Moreover, the range of applicability of the SPPS method to the difference from the other considered codes includes complex coefficients, differential operator on the right-hand side of (2.6) and complex eigenvalues. Here we present one such example. When a problem admits complex eigenvalues we need to distinguish which roots of the polynomial Φ N (λ) correspond to the eigenvalues and which are spurious roots appearing due to the Table 7 : The values of λ n from Example 7.7, calculated with the use of the spectral shift technique, M = 200000 and N = 50. truncation procedure. Contrary to the case of a purely real spectrum we cannot simply discard all roots whose imaginary part is greater than some ε. Instead, Rouché's theorem and estimate (2.16) suggest that the roots closest to the origin (or to the current centre λ 0 when the spectral shift is used) cannot be the spurious roots. We give an illustration of application of this theorem. According to Rouché's theorem we need to find such values of the radius r that establishing that the numbers of zeros of the functions Φ N (λ) and Φ(λ) coincide inside the disk |λ| < r. We calculate min |λ|=r |Φ N (λ)| using the SPPS representation. To estimate the difference |Φ(λ) − Φ N (λ)| we use (2.16). According to Lemma 2.1, for problem (7.10) one can take C = 3/2. We present the obtained results on Figure 4 for N = 50 and N = 75 where it is compared to max |λ|=r |Φ(λ) − Φ N (λ)| calculated with the aid of the exact characteristic function (7.11). As can be seen from the graphs, when we use the exact characteristic function for the estimation of the error the largest values of r for which inequality (7.12) holds are r 50 ≈ 17 and r 75 ≈ 25. The estimate (2.16) delivers rougher estimates, r ′ 50 ≈ 7 and r ′ 75 ≈ 12. On Figure 5 we show the graph of − log |Φ 75 (λ)| together with the boundary of the disk |λ| = 24. The peaks on the graph correspond to the roots of the polynomial Φ 75 . Only six of them are located in the disk and hence should be considered as approximations to the eigenvalues. All other roots are located outside the disk and hence should be discarded.
To calculate the higher order eigenvalues, we applied the spectral shift technique described in Section 5. The following strategy for choosing the values of the spectral shift was implemented. Let λ (n) * be the spectral shift on the n-th step and λ 1 , . . . , λ n the already found eigenvalues. Based on the representations (5.7) and (5.8) we calculate the roots of the polynomial Φ (n) N (λ) and reorder them with respect to the distance from λ (n) * . From these ordered roots we choose the closest to the point λ (n) * and sufficiently distant from λ 1 , . . . , λ n . We denote this root as λ n+1 and set λ Table 7 . The eigenvalues are ordered according to their distance to the origin. As can be seen from the table the approximate eigenvalues are calculated with a remarkable accuracy.
